We present a new study of nonlinear NMR and Bose-Einstein Condensation (BEC) of nuclear spin waves in antiferromagnetic MnCO 3 with coupled electron and nuclear spins. In particular, we show that the observed behaviour of NMR signals strongly contradicts the conventional description of paramagnetic ensembles of noninteracting spins based on the phenomenological Bloch equations. We present a new theoretical description of the coupled electron-nuclear spin precession, which takes into account an indirect relaxation of nuclear spins via the electron subsystem. We show that the magnitude of the nuclear magnetization is conserved for arbitrary large excitation powers, which is drastically different from the conventional heating scenario derived from the Bloch equations. This provides strong evidence that the coherent precession of macroscopic nuclear magnetization observed experimentally can be identified with BEC of nuclear spin waves with k = 0.
I. INTRODUCTION
Bose-Einstein Condensation (BEC) of bosons, or accumulation of a macroscopic number of bosons in the same quantum state, presents one of the cornerstone subjects of studies in modern condensed-matter physics. In addition to the well-known phenomena of superfluidity, superconductivity, and BEC of cold atoms, the BEC of spin waves (magnons) in magnetically ordered materials has attracted a lot of recent attention. [1] [2] [3] Unlike conventional atomic BEC obtained by cooling atomic systems, magnon BEC can be established, for example, by continuous external rf pumping, which compensates for the loss of quasiparticles. Uniform precession of ordered spins in such systems can be described by magnons in a single quantum state with the wave number k = 0, which thus can be called BEC of magnons in the k = 0 state. On the other hand, a qualitatively similar state of uniform precession exists for a paramagnetic system of noninteracting spins under resonant excitation by an external rotating magnetic field. Since such a system of non-interacting spins cannot be described in terms of magnons, it is important to establish a clear physical picture of the BEC of magnons with k = 0 in magnetically ordered systems, and to distinguish it from uniform precession of noninteracting spins induced by external rf excitation.
In this work, we focus on magnetically ordered spin systems with coupled electron-nuclear spin precession. In such systems, dynamics of paramagnetic nuclear spins are governed by the exceptionally strong (10 5 -10 6 Oe) hyperfine field from ordered electron spins. In turn, motion of electron spins is affected by the hyperfine field from nuclear spins. This results in coupled electron-nuclear spin oscillations that can be described in terms of electron and nuclear spin waves. 4, 5 In particular, hyperfine interaction leads to hybridization of, on the one hand, the usual spin waves in the magnetically ordered electron subsystem, i.e. e-magnons, and on the other hand, precession of a nuclear spin around the direction of the hyperfine field. Fig. 1 shows examples of spectra for hybridized e-magnons (frequency Ω + ) and n-magnons (frequency Ω − ) in a weakly anisotropic antiferromagnet, MnCO 3 . At zero wave number, k = 0, the frequency of n-magnons to a good approximation can be written as 6 Ω − (0) ≈ ω n − ω p (H, T ) cos β ,
where ω n is the frequency of precession of the nuclear spin in a stationary hyperfine field (that is when the oscillations of the electron spin system caused by coupling to the nuclear spins are ignored), ω p is a quantity that depends on a number of parameters including the applied magnetic field H and temperature of the nuclear system T , and β is the angle of deflection of the nuclear magnetization vector from its equilibrium orientation z. The second term on the right-hand side of (1) is usually known as "frequency pulling". It is clear that the frequency Ω − (0) corresponds to the usual NMR frequency, which can be measured in the experiment by applying a uniform ac magnetic field h(t) ⊥ z. Note that at large k the spectrum of the nuclear branch approaches ω n . Therefore, for the existence of n-magnons, the frequency difference between Ω − (0) and ω n must satisfy the condition
where δ ω n is the spread in the frequency ω n due to inhomogeneities of the atomic and magnetic structures of the sample (inhomogeneous broadening) and due to relaxation processes (homogeneous broadening). There are few crystalline materials that satisfy this condition. The existence of the n-magnon branch with minima at k = 0, see Fig. 1 , suggests the possibility for BEC of nuclear magnons with k = 0 under external rf pumping. Recent investigations in easy-plane, antiferromagnetic CsMnF 3 and MnCO 3 crystals using CW and pulsed NMR methods have shown evidence of magnon BEC. [7] [8] [9] In particular, the relatively strong and long-lived nuclear precession signals observed in pulsed NMR experiments indicated that nuclear magnetization is deflected by a large angle from the equilibrium orientation, while preserving its magnitude. This would strongly contradict the conventional behavior of a paramagnetic ensemble of noninteracting nuclear spins under external rf pumping, which is traditionally described by the phenomenological Bloch equations and predicts a strong reduction of the magnitude of the nuclear magnetization vector due to heating of the nuclear spin system. Thus, a detailed study and new, more adequate description of coupled electronnuclear spin systems under external rf pumping is necessary to establish a clear physical picture of magnon BEC in such systems.
In this work, we present a detailed study of coupled electron-nuclear spin dynamics in easy-plane, weakly anisotropic, antiferromagnet MnCO 3 , under continuous NMR excitation. Our theoretical analysis shows that the coupling between electron and nuclear spin precession provides a mechanism not only for correlations between nuclear spins, that is, formation of n-magnons, but also relaxation of nuclear spins via the electron subsystem. This new mechanism of indirect relaxation preserves the magnitude of the nuclear magnetization vector for arbitrary large excitation powers; thus, it excludes the possibility of heating the nuclear subsystem by external pumping. This theory accounts well for the behavior of nonlinear NMR signals obtained in an antiferromagnetic MnCO 3 sample at temperatures below 1 K. It is also shown that the conventional Bloch approach fails to account for our experimental results. Finally, we show that in the absence of heating, the energy of external pumping can be entirely transfered into the energy of uniform precession of nuclear spins, and the latter can be associated with BEC of n-magnons with k = 0.
In Section II, we provide a macroscopic description of coupled electron-nuclear spin systems based on equations of motion linearized with respect to transverse components of the electron magnetization vector. In Section III, we describe measurements of nonlinear NMR signals in an antiferromagnetic MnCO 3 sample and provide a detailed comparison with our theory. In Section IV, we discuss a microscopic picture of coupled electron-nuclear spin systems under excitation in terms of n-magnons and formation of a uniform precession of nuclear spins, which can be identified as magnon BEC. Some details for derivation of the coupled equations of motion for an electron-nuclear spin system are given in the Appendix.
II. THEORETICAL DESCRIPTION
Our theoretical analysis of a coupled electron-nuclear spin system in easy-plane, antiferromagnet MnCO 3 is based on the classical Landau-Lifshitz-Gilbert equations for macroscopic magnetization vectors of magnetic sub-lattices [10] [11] [12] [13] [14] . As usual, such an analysis of quantum spin systems is justified because the quantum-mechanical equations of motion reduce to classical equations for the precession of macroscopic magnetization vectors after averaging over the quantum-mechanical density matrix operator. Following the previous work 15 , we describe the dynamics of a coupled electron-nuclear spin system using equations for two electron (M 1 and M 2 ) and two nuclear (m 1 and m 2 ) magnetization vectors of two sub-lattices 
The thermodynamic potential of the whole spin system, including its interaction with external static and rf magnetic fields is given by
The exchange interaction between electron spins of the two sub-lattices is described by
where J > 0 describes the exchange interaction and V is the sample volume. The energy of magnetic anisotropy with a dedicated axis c chosen as the positive y direction is described by
In the antiferromagnet MnCO 3 considered here, this anisotropy is the easy-plane that corresponds to the condition K > 0. The Dzyaloshinskii-Moriya interaction which is responsible for non-collinearity of the M 1 and M 2 sub-lattices, see Fig. 2 , is described by
where D is a constant that characterizes the strength of the Dzyaloshinkii-Moriya interaction. The energy of M 1 and M 2 magnetizations in the external static magnetic field H applied in the positive x direction and the ac magnetic field h(t) applied along axis z is described by
In what follows, we neglect the direct interaction of nuclear magnetization vectors m 1 and m 2 with the static and rf magnetic fields compared to the much stronger hyperfine field. However, note that the rf magnetic field still strongly couples to the nuclear spins via the h(t)-induced oscillations of electron magnetization. The hyperfine interaction between electron and nuclear spins, which for simplicity we assume to be isotropic, is described by
At h(t)=0, the minimum of the functional (6) defines the equilibrium orientation of the vectors M 1,2 and m 1,2 , see Fig. 2 . The small angle ψ in this figure is determined from the equation
where H D = DM 0 is the magnitude of the DzyaloshinskiiMoria field, M 0 = |M 1 | = |M 2 | is the magnitude of the electron magnetization vector in each sub-lattice, and the exchange field is given by
The typical angle ψ is on the order of 10 −2 rad. The solutions of Eqs. (3) (4) (5) (6) (7) (8) (9) (10) (11) for small deviations of M 1,2 and m 1,2 from their equilibrium orientations were investigated earlier. 4, 15 In this case, the eigenmodes of coupled electronnuclear oscillations can be found from Eqs. (3-4) linearized with respect to the transverse components of magnetization vectors M 1,2 and m 1,2 and by taking the rf field h(t) and relaxation terms to be zero. As expected, the corresponding eigenfrequencies coincide with frequencies of coupled electronnuclear spin waves at k = 0, see Eq. (1). Electron and nuclear ac susceptibilities can be obtained from the same linearized equations by including the homogeneous rf magnetic field h(t). 6 In what follows, we are interested in finding solutions of Eqs. (3) (4) (5) (6) (7) (8) (9) (10) (11) for arbitrarily large deviations of vectors m 1,2 from their equilibrium orientations due to the rf magnetic field at frequencies close to the NMR resonance. Following the previous work, 14 it is convenient to introduce a separate reference frame x 1 y 1 z 1 (x 2 y 2 z 2 ) for sublattice M 1 (M 2 ) obtained from the original frame xyz by a clockwise rotation around the z-axis by angle ψ (by angle π − ψ), see Fig. 2 , and we chose new variables according to
where 
which is somewhat similar to the usual rotating wave transformation used to describe traditional NMR. 16 By omitting relaxation terms in Eqs. (3-4) equations for the net nuclear magnetization become (see Appendix for details)
where ω 1 is proportional to the amplitude of the rf magnetic field h 1 and ω p is the parameter discussed previously (see Eqs. (A.10),(A.12), in the Appendix for the precise definition of ω 1 and ω p ). Since the relaxation terms were neglected, the above equations can be used to describe the dynamics of the magnetization vector m only on time intervals t, which are small compared to the nuclear magnetic relaxation time. Note that as was discussed previously from the microscopic point of view, the presence of the frequency pulling term ω p (m Z /m 0 ) does not allow us to obtain large deflection angles of m from the equilibrium orientation using a short rf pulse, as can typically be done in conventional NMR (the Rabi flopping). 16 Indeed, for typical experimental conditions we have ω p >> ω 1 , therefore the orientation of the axis of rotation of vector m in the frame XY Z changes quickly to be nearly parallel to Z, after applying the rf pulse. However, as we show below, it is possible to obtain large angles of deflection by CW NMR. The description of the stationary state of the spin system under CW rf pumping requires accounting for the proper form of relaxation terms in Eqs. (3) (4) . As discussed previously, interaction between transverse components of the electron and nuclear magnetization vectors significantly changes the frequency of nuclear spin oscillations. Another consequence of this interaction is the appearance of the relaxation of the transverse component of vector m. Indirect relaxation of this type has been studied previously, but for relatively small amplitudes of m-vector oscillations when nonlinear phenomena were insignificant. 15 Here, we consider nonlinear equations of motion for nuclear magnetization taking into account its indirect relaxation via the electron spin system. Typically, relaxation of the transverse component of magnetization occurs due to fluctuating magnetic fields acting on different spins, and to inhomogeneity of the external static magnetic field acting in the electron system. In what follows, we use an assumption that, because nuclear spins experience an enormously large hyperfine field H e ∼ 10 5 -10 6 Oe, we can neglect any other fields, including fluctuating magnetic fields responsible for relaxation of vectors M 1,2 . We note that the approximation R m 1,2 =0 in Eqs. (4) conserves the magnitude of vectors m 1,2 and the net magnetization vector m. Thus, this approximation excludes the possibility of heating of the nuclear spin system by any processes, including its excitation by rf pumping.
Using this approximation together with the assumption of small deviations of electron magnetization vectors from their equilibrium orientations at H > H c , equations of motion for the vector m become (see Appendix for details)
where the nuclear transverse relaxation time T 2n is related to the electron transverse relaxation time T 2 e by Eq. (A.13) in the Appendix. CW NMR signals are described by stationary state solutions of the above equations. The latter are given by
where ∆ = 1 − m Z /m 0 , which determines that the longitudinal component of m, is the root of the fourth degree polynomial equation
and Γ 1 is given by
For the sake of qualitative comparison with our theory, let us also consider the traditional Bloch approach in which the nuclear relaxation is described by introducing two phenomenological relaxation times, i.e. the longitudinal magnetization relaxation time T 1 and the transverse magnetization relaxation time T 2 . 16 Adding the corresponding relaxation terms into Eqs. (16)- (18), we obtain the phenomenological Bloch equations
Note that the above equations are obtained by disregarding the electron spin relaxation terms R M 1 ,2 in Eqs. (3). The stationary state solutions of (26) (27) (28) can be written as
where ∆ = 1 − m Z /m 0 , as defined earlier, is given by the roots of the third degree polynomial equation
To distinguish between the two approximations which lead, on the one hand, to Eqs. (22) (23) (24) , and on the other hand, to Eqs. (29-31) , we need to compare the continuous NMR signals predicted by these equations with experimentally observed signals. This is done in the next section.
III. EXPERIMENTAL COMPARISONS A. Experimental methods
In the experiment, we studied CW NMR signals in an easyplane antiferromagnetic MnCO 3 sample at temperatures below 1 K. The sample was in the form of a rhombus-shaped plate about 0.7 mm thick, with diagonals of approximately 2.4 and 2.7 mm. The magnetic anisotropy axis c was perpendicular to the plane of the plate. The measured mass of the sample was about 8 × 10 −3 g.
To excite continuous NMR signals in MnCO 3 by external rf pumping, the sample was placed in a high-quality factor rf resonator of a split-ring type. 17 The resonator and sample were oriented such that the external static magnetic field H and the rf magnetic field h of the resonator were perpendicular to each other and to the anisotropy axis c of the sample. The resonator was made of high-conductivity, oxygen-free copper and had a resonant frequency of about 591.3 MHz and a quality factor of about 600 measured at 1 K. The input rf signal transmitted through a cryogenic, low-loss, semi-rigid coaxial cable was coupled to the resonator via a loop made at the end of the cable, and the reflected signal was measured at different values of static field H and input rf power P using a network analyzer. Signals proportional to the in-phase and quadrature (with respect to the rf field in the cavity) components of ac magnetization induced in the sample could be extracted from the reflected signal. In order to avoid complications associated with the strong coupling of the spin system to the electro-magnetic mode of the resonator, which lead to normal mode splitting in the resonator reflection spectrum, 18 we used the frequency of rf pumping of 593.5 MHz, which is significantly detuned from the resonant frequency of the resonator. In this so called dispersive regime of coupling, the in phase (M d ) and quadrature (M a ) components of the ac magnetization are related to the complex amplitude (phasor) of the reflected signal, according to
where V 0 is the complex amplitude of the signal reflected from an empty cavity, i is imaginary unit, and C > 0 is a proportionality coefficient that depends on characteristics of the resonator and its coupling to the rf transmission line. Figure 3 shows the NMR signals proportional to M a (absorption signal) and M d (dispersion signal) measured at T = 735 mK as a function of the static field H at a low input rf power of −50 dBm. At such low power, the deviation of nuclear magnetization from its equilibrium orientation is very small. Correspondingly, frequency pulling is very close to its value for the equilibrium spin system; therefore, nonlinearity of the NMR signal is negligible. These signals are used to find the fitting parameters that define the dependence of frequency pulling and the nuclear magnetic relaxation rate on the value of H. It should be noted that although these signals were measured in the linear regime of NMR, they are not ideally symmetric. This suggests that the sample used in the experiment is not a single crystal, which is also confirmed by careful visual examination under the microscope. It is likely that the sample consists of at least two or three mono-crystals of different size with somewhat different relative orientations of their lattices. Figures 4 and 5 show absorption and dispersion signals measured at T = 735 mK and at different input rf power levels. It is clear that with increasing power, the NMR frequency shifts toward lower values of H due to frequency pulling. Both absorption and dispersion signals become very asymmetrical. In addition, both signals show strong hysteresis upon reversing the direction of the field sweep. In Figure 6 we show the absorption and dispersion signals obtained at the highest input power of P = 0 dBm used in this experiment. In the next section, we compare the measured absorption and dispersion signals with predictions of our theory, see Eqs. (22) (23) (24) . In addition, we compare the experimental results with predictions based on the phenomenological Bloch equations, see Eqs. (29-31).
B. Experimental results

C. Expressions for ac magnetization components and their comparison with experimental results
In order to compare the results presented in Figs. (4-5) with predictions of our theory, first we need to find relation between the ac magnetization components M a and M d and components of nuclear magnetization m X and m Y described by Eqs. (22) (23) . It is important to realize that due to the much larger magnitude of the electron magnetization vector M = (M ξ , M η , M ζ ) compared to that of the nuclear magnetization vector m = (m ξ , m η , m ζ ), the ratio of which is approximately γ e /γ n 10 3 , the main contribution to the observed ac magnetization comes from oscillations of vector M. We can find necessary expressions using the relation between the complex amplitudes of M ξ (t) and m ξ (t), as given by Eq. (A.8-A.11) in the Appendix. According to Fig. 2 and Eqs. (12) (13) (14) , the vector component of electron magnetization M (t) h(t), which defines the observed NMR signals, can be expressed in terms of M ξ (t) as
Assuming time dependence of the rf magnetic field in the form h(t) = 2H 1 cos ωt, absorption M a and dispersion M d signals are given by, respectively, the imaginary and real parts of the complex amplitude of M (t). The expressions for M d and M a in terms of oscillating components of the nuclear mag- 
In the above equations, the non-resonant contribution M nr d to the dispersion signal is given by (24) by excluding the root ∆ ≈2. We are interested in the real-valued roots and their dependence on H, which is defined by the corresponding dependencies of ω 1 (H), ω p (H) and T 2n (H) given by Eqs. (A.12-A.15) in the Appendix. At low rf excitation powers, such that ω 1 T 2n ≪ 1 the equation (24) has only one real root, given by
Using this expression in Eqs. (22-23) we obtain
At fixed rf frequency ω the position of the resonance in the static magnetic field H is determined by the dependence of ω p on H given by Eq. (A.14) in the Appendix. The resonance value of field H = H res is defined by
The width of the resonance ∆H, which can be defined as the distance between the maximum and minimum of the dispersion signal, is related to T 2n as
The dependence of T 2n on H is given by Eq. (A.15) in the Appendix. It is convenient to express the dependence of ω p and T 2n on H in terms of adjustable parameters a 1 and a 2 as
and determine the numerical values of a 1 and a 2 at a given temperature from the comparison of experimental data taken at low rf excitation power and the ac magnetization components M a and M d calculated using Eqs. (34) and (37). Such a comparison is shown in Fig. 3 where M a and M d calculated using a 1 /2π = 2.06 × 10 3 MHz(kOe) 2 and a 2 /2π = 1.6 × 10 3 MHz(kOe) 4 are plotted using dashed lines. Here, we used H D = 4.4 kOe, ω n /2π = 640 MHz, and ω/2π = 593.5 MHz. The value of H 1 was chosen to be sufficiently small to ensure a linear NMR regime. The corresponding values of H res and ∆H are approximately 4.81 kOe and 0.11 kOe, respectively. The width of the resonance corresponds to the nuclear relaxation T 2n time of approximately 0.19 µs.
For arbitrarily large rf excitation powers there exists a range of H where there is more than one real-valued root of Eq. (24) .
The numerical solution of this equation for a large value of H 1 is shown by the dash-dotted line in Fig. 6 . In this calculation, we used ω p (H) and T 2n (H) given by Eqs. (40-41) with numerical values of a 1 and a 2 given above. The interval H c1 < H < H c2 corresponds to the region where three real roots exist. The merger of two real roots (where they become complex) corresponds to the phenomenon which in mathematics is called catastrophe. We restrict ourselves to the analysis of the upper branch ∆ max (H), which has its critical point at H = H c1 , see Fig. 6 . The state of the lower branch ∆ min (H) is destroyed at fields H < H c2 due to instabilities caused by the excitation of n-magnons that are in resonance with the rf pumping field. 19, 20 In order to make comparison between the experimental data presented in Figs. 4-5 and the ac magnetization components M a and M d calculated using Eqs. (22-24,34) , we need to establish correspondence between the values of rf excitation power used in the experiment and the numerical values of H 1 used in the calculations. We used the value of H c 1 ≈ 2.2 kOe in Fig. 6 to define the value of H 1 = 23 Oe at the excitation power of 0 dBm. The line shapes of M a and M d calculated for the corresponding values of H 1 and using Eqs. (40) and (41) are plotted in Figs. 4 and 5, respectively, using dashed lines. As seen in these figures, we obtain very good quantitative agreement between our experimental data and predictions of our theoretical model based on Eqs. (19) (20) (21) . Note that conservation of the magnitude of vector m, which follows from our theory, allows us to express ∆ max (H) in terms of the deflection angle β 0 between the vector m and its equilibrium orientation
At the critical field H c1 ≈ 2.2 kOe in Fig. 6 corresponding to the input rf power of 0 dBm the deflection angel has value β 0 ≈ 70 degrees. For the sake of comparison with the predictions of the Bloch model based on equations (26) (27) (28) , it is instructive to consider the dependence of the absorption signal M a at H = H c1 on the input rf power P. Note that the critical field H = H c 1 corresponds to the resonant condition
From Eqs. 
In order to get rid of the field-independent factor in front of the right-hand side of the above equation, it is convenient to normalize this expression to the value of M a (H c1 ) at one of the values of the input rf power used in the experiment. For example, we choose the lowest power of P * = −20 dBm used in Fig. 4 . The expression for the normalized absorption signal becomes (for the sake of simplicity we neglect ω/ω e << 1)
where M * a , H * c1 and H * 1 are the corresponding values of M a , H c1 and H 1 at the input rf power P = P * . Note that the normalized absorption signal depends only on the values of the critical field H c1 and the ratio P/P * = H 1 /H * 1 , which can be readily determined in the experiment. Figure 7 shows dependence of M a (H c1 )/M * a (H c1 ) on α(H c1 , P/P * ) obtained from the experimental data shown in Figs. 4 and 6 (opened squares), as well as theoretically predicted dependence given by Eq. (45) (dashed line). Now we compare this result with predictions of the heating scenario based on the phenomenological Bloch equations (26) (27) (28) . Note that as in Eq. (24), the third order polynomial equation (31) with respect to ∆ can have three real-valued roots in certain ranges of the static magnetic field H c1 < H < H c2 . This may result in nonlinear NMR signals similar to those described earlier. 4 Using condition (43) satisfied at the field H = H c1 , we obtain from Eqs. (29) (30) (31) 
Note that, unlike in our proposed theory, the Bloch model does not conserve the magnitude of the magnetization vector. Indeed, from Eq. (46) we have
Typically, we have T 2 ≪ T 1 ; therefore, |m| can already be significantly less than m 0 for ω 2 1 T 1 T 2 1. Using Eqs. (43,46) it is convenient to write ω 2 1 T 1 T 2 as
where ∆ω = ω − ω n + ω p . Note that using the above equation, the values of ω 2 1 T 1 T 2 at H = H c1 can be determined from the experimental values of H c 1 . Using the second line of Eq. (34) we obtain the expression for the absorption signal at the catastrophe field
and using Eqs. (A.12-A.13) from the Appendix and the definition of α, see Eq. (45), we obtain for the normalized absorption signal
where ω 2 1 T 1 T 2 * is the value of ω 2 1 T 1 T 2 at the critical field for the input rf power P = P * . Again, note that the term in front of α on the right side of the above equation depends only on the value of the critical field H = H c1 , which can be determined from the experiment, and does not depend on the choice of values for T 1 and T 2 . The dependence of the normalized absorption signal on α given by Eq. (50) is plotted in Fig. 7 with a dash-dotted line. Clearly, the conventional Bloch approach fails to adequately account for the behavior observed in the experiment. Using Eq. (48), it is straightforward to estimate the value of ω 2 1 T 1 T 2 at the critical field H = H c1 for the maximum input rf power P = 0 dBm. Using the value of H c1 ≈ 2.2 kOe, see Fig. 6 , we obtain ω 2 1 T 1 T 2 ≈ 2. Thus, the Bloch theory predicts a significant reduction of the magnitude of the nuclear magnetization vector due to heating. This does not agree with our experimental results.
IV. DISCUSSION
The mechanism of indirect relaxation of nuclear spins via the electron subsystem, which preserves the magnitude of nuclear magnetization, has important consequences for the dynamics of n-magnons under external rf pumping. In this section we provide some detailed discussion of the processes involved and show that the pumping of n-magnons with a uniform ac magnetic field h(t) in a wide range of frequencies results in a macroscopic accumulation of n-magnons with k = 0, which can be identified with the BEC of nonequilibrium nmagnons.
As pointed out earlier, 20 an external rf pumping of the coupled electron-nuclear spin system with a uniform h-field at the frequency ω in the range Ω − (0) < ω < ω n can lead to instability against formation of n-magnons with k = 0 corresponding to Ω − (k) = ω, see Fig. 8 . Appearance of such magnons slightly decreases the deflection angle β of the nuclear magnetization vector from its equilibrium orientation. Further time evolution of such magnons depends on the nuclear relaxation processes. According to the Bloch approach scenario, such magnons thermalize and lead to an temperature increase of the nuclear system T . This would significantly decrease the magnitude of nuclear magnetization m 0 (T ) and modify the spectrum of n-magnons such that the frequency of the k = 0 mode, given by Eq. (1), coincides with ω. A stationary state of the nuclear spin system would correspond to a small deflection angle β = arccos(m z /m 0 (T )). As we showed above, such conventional heating scenario does not agree with the experiments described here. In an alternative scenario, two n-magnons with wave vectors ±k can mutually transform their |k| in momentumconserving, four-magnon processes to the value |k − δ k|, which corresponds to the new resonance condition Ω − (|k − δ k|, β ) = ω. Thus, the rf pumping and accumulation of magnons continue, leading to a further increase of the deflection angle β , and so on. The accumulation of magnons and increase of the deflection angle stops when the bottom of the frequency band of n-magnons reaches the rf pumping frequency
see dash-dotted line in Fig. 8 . In this scenario, all accumulated n-magnons, which provide the value of the deflection angle in the above equation, are transformed into n-magnons with k = 0. Such a macroscopic accumulation of magnons in a single k = 0 mode can be identified as a Bose-Einstein condensate of nuclear spin waves by analogy with the atomic BEC. In this state of the nuclear system, the vector of nuclear magnetization is deflected by a large angle β 0 from the equilibrium orientation (e.g. as large as 70 degrees in the experiments described here), while the magnitude of the magnetization vector is conserved. This description agrees with the interpretation of experimental results observed earlier. [7] [8] [9] Investigation of the coupled electron-nuclear spin precession in easy-plane antiferromagnets is interesting in the context of conventional magnon BEC. Unlike the conventional atomic BEC obtained by cooling the atomic system, the magnon BEC is established by an external rf pumping that compensates for the loss of quasiparticles. The magnon BEC was first observed in the antiferromagnetic B-phase of superfluid 3 He. 21, 22 Owing to its absolute purity and the specific form of the magnetic energy potential, which ensures stability of BEC, this system became a test-bed for investigation of conventional magnon BEC with k = 0 showing close analogy to the atomic BEC. 1, 23 Later, the stable state of magnon BEC was also obtained in antiferromagnetic A-phase of superfluid 3 He immersed in aerogel. 24, 25 Superfluid 3 He-A is particularly interesting in the context of the work presented here. This system is a two-sublattice antiferromagnetic quantum liquid in which the magnetic part of the Hamiltonian exactly corresponds to that of the easy-plane solid antiferromagnets considered here. 26 For this reason, the latter systems were suggested for observation of conventional magnon BEC. 27 The significant advantage of these systems over superfluid 3 He is that they require rather moderate cryogenic temperatures around 1 K for observation and study of BEC properties and spin superfluidity. We should point out that the conventional magnon BEC with k = 0 discussed here has very different properties from those of e-magnon BEC observed in ferromagnetic yttrium iron garnet (YIG) films. 28, 29 In the latter case, the minimum of the magnetic energy corresponds to spin waves with k = 0 and has some similarities with charged density waves in superconductors.
V. CONCLUSIONS
We present a description of coupled electron-nuclear spin systems using the coupled Landau-Lifshitz-Gilbert equations, which take into account an indirect relaxation of nuclear spins via the electron spin subsystem. In our theory, the magnitude of the nuclear magnetization is conserved for arbitrary large excitation powers, which is drastically different from the conventional heating scenario based on the phenomenological Bloch approach. In particular, we consider the coupled electron-nuclear spin motion in the easy-plane antiferromagnetic crystals with a weak magnetic anisotropy in the basal plain. The equations of motion are solved analytically, assuming small deviations of electron magnetization vectors from their equilibrium orientations, which allow us to linearize the corresponding equations of motion for the electron subsystem. The solutions obtained are compared with experimental nonlinear NMR signals obtained in a MnCO 3 sample at temperatures below 1 K, and good quantitative agreement is found. This suggests that at high excitation rf powers used in the experiment, the nuclear magnetization vector can be deflected at very large angles, exceeding 70 degrees. This result is drastically different from predictions of the standard heating scenario based on the phenomenological Bloch approach. In particular, the latter predicts significant reduction of the magnitude of the nuclear magnetization vector under conditions of our experiment. The proposed theory brings together properties of nonlinear NMR in magnetic systems in solids considered here and the superfluid, 3 where the magnitude of the nuclear magnetization vector is also conserved. This provides the theoretical background for the study of BEC of nonequilibrium magnons in MnCO 3 .
